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A graph G is (n, *)-connected if it satisfies the following conditions: (1) |V(G)|
n+1; (2) for any subset SV(G) and any subset LE(G) with * |S|+|L|<n*,
G&S&L is connected. The (n, *)-connectivity is a common extension of both the
vertex-connectivity and the edge-connectivity. An (n, 1)-connected graph is an
n-(vertex)-connected graph, and a (1, *)-connected graph is a *-edge-connected
graph. An (n, *)-connected graph G is said to be minimally (n, *)-connected if for
any edge e in E(G), G&e is not (n, *)-connected. Let G be a minimally (n, *)-con-
nected graph and let W be the set of its vertices of degree more than n*. Then we
first prove that for any subset W$ of W, the minimum degree of the subgraph of G
induced by the vertex set W$ is less than or equal to *. This result is an extension
of a theorem of Mader, which states that the subgraph of a minimally n-connected
graph induced by the vertices of degree more than n is a forest. By using our result,
we show that if G is a minimally (n, *)-connected graph, then (1) |E(G)|
*( |V(G)|+n)28 for n+1|V(G)|3n&2; (2) |E(G)|n*( |V(G)|&n) for |V(G)|
3n&1. Furthermore, we study the number of vertices of degree n* in a minimally
n*-connected graph.  2000 Academic Press
1. INTRODUCTION AND DEFINITIONS
In this paper we introduce a new kind of connectivity which is a common
extension of the vertex-connectivity and the edge-connectivity and which is
called (n, *)-connectivity. By using a well-known theorem of Mader [7],
which states that the subgraph of a minimally n-connected graph G induced
by the vertices of degree more than n is a forest, the maximum number of
edges in a minimally n-connected graph has been completely solved in
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[8, 12]. We shall study an analogous problem for a minimally (n, *)-
connected graph, i.e., we shall determine the maximum number of edges in
a minimally (n, *)-connected graph. To attack this problem, we shall
extend the above-mentioned theorem of Mader. The techniques and
general method of attack in this paper are not significantly different from
[7, 8, 12]. However, we have pushed these ideas much further and, in a
sense, obtain more general results.
We consider finite, undirected graphs with no loops but with multiple
edges being allowed. Let G be a graph of order at least two. We denote by
V(G) and E(G) the set of vertices and the set of edges, respectively. We
define |G|=|V(G)| and e(G)=|E(G)|. Let X and Y be disjoint subsets of
V(G). We write EG(X, Y) for the set of edges joining X to Y and define
eG(X, Y)=|EG(X, Y)|. Let x and y be distinct vertices of G. Then EG(x, y)
means the set of multiple edge joining x to y by and eG(x, y)=|EG(x, y)|.
We often write E(x, y) for EG(x, y), etc. We denote the degree of x in G
by degG(x) and the minimum degree of G by $(G). A subgraph H of G is
often identified with V(H). For XE(G) or XV(G), G[X] means the
subgraph of G induced by the set X. For a positive integer n, n x-y paths
P1 , P2 , ..., Pn are said to be openly disjoint if V(Pi) & V(Pj)=[x, y] for
all i{ j, 1i, jn. (Note that x-y paths of length 1 (i.e., edges joining x
and y) are always openly disjoint even if they are equal.) An (x, y)-n-fan
F is a union of n openly disjoint x-y paths. Notice that an edge xy is also
an x-y path. Hence in the above definition, some x-y paths in F may be
elements of EG(x, y). For terms not defined here, see [2].
Definition 1. Let n an * be positive integers, and let x and y be distinct
vertices of a graph G. We say that a pair (x, y) is (n, *)-connected in G if
it satisfies the following condition:
For any subset SV(G)&[x, y] and any subset LE(G) with * |S|+
|L|<n*, the vertices x and y belong to the same component of G&S&L.
The following mixed version of Menger’s theorem was proved in [4].
Theorem A. Let n and * be positive integers, and let x and y be distinct
vertices of a graph G. A pair (x, y) is (n, *)-connected in G if and only if G
contains * edge-disjoint (x, y)-n-fans.
This result enables us to investigate graphs having this type of connec-
tivity as their global connectivity.
Definition 2. A graph G is (n, *)-connected if it satisfies the following
conditions:
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(1) |G|n+1;
(2) for any subset SV(G) and any subset LE(G) with * |S|+|L|
<n*, G&S&L is connected.
Then the following result is an immediate consequence of Theorem A.
Theorem B. A graph G with |G|n+1 is (n, *)-connected if and only
if for any two distinct vertices x and y in V(G), G contains * edge-disjoint
(x, y)-n-fans.
Remark 3. An (n, *)-connected graph can be defined for graphs of
order less than n+1. However, most results of this paper hold under the
condition that V(G)n+1. We therefore include the condition in the
definition of an (n, *)-connected graph.
Under Definition 2, (n, 1)-connected graphs are n-(vertex)-connected
graphs, and (1, *)-connected graphs are *-edge-connected graphs. Hence,
the (n, *)-connectivity seems to be a natural common extension of both the
vertex-connectivity and edge-connectivity.
We say that a graph G is partitioned into * edge-disjoint n-connected
graphs if E(G) is partitioned into * subsets E1 , ..., E* such that for any i,
1i*, the subgraph Gi of G induced by the edge set Ei is an n-connected
graph with V(Gi)=V(G). Clearly a graph which can be partitioned into *
edge-disjoint n-connected graphs is (n, *)-connected. For example, let H be
an n-connected graph. Then we can obtain the (n, *)-connected graph from
the graph H by replacing each of H with * multiple edges. However, we
can easily show the following fact.
Fact. For any integers n1 and *2, there exists (n, *)-connected
graphs which are not partitioned into * edge-disjoint n-connected graphs.
Proof. The case n=1 is trivial. For there are many *-edge-connected
graphs each of which does not contain * edge-disjoint spanning trees. (For
example, *-regular *-edge-connected graphs with at least three vertices are
such graphs.) So we proceed to the induction step. Suppose G is (n, *)-con-
nected and not partitioned into * edge-disjoint n-connected graphs. Then
we can construct an (n+1, *)-connected graph which is not partitioned
into * edge-disjoint n+1-connected graphs as follows. G$ is the graph
obtained from G by adding a new vertex v and joining v to each vertex of
G with * multiple edges. Clearly, G$ is (n+1, *)-connected. If G$ is partitioned
into * edge-disjoint n+1-connected graphs H1 , ..., H* , then H1&v, ..., H*&v
are * edge-disjoint n-connected spanning subgraphs of G, which is impossible.
We therefore see that G$ is not partitioned into * edge-disjoint (n+1)-con-
nected graphs. This completes the proof. K
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Furthermore, for some positive integer n and *, we can find (n, *)-con-
nected graphs with no multiple edges which are not partitioned into *
edge-disjoint n-connected graphs. For n=2 and arbitrary *, we consider
the Meredith Graph M [13] which is 2*-regular 2*-connected and has no
hamiltonian cycle. Note that 2*-connected graphs are also (2, *)-connected
graphs. (Generally, n*-connected graphs are also (n, *)-connected graphs.)
Since M is 2*-regular, if M is partitioned into * edge-disjoint 2-connected
graphs, then each 2-connected graph must be 2-regular, so that it is a
hamiltonian cycle of G. This contradicts the property of M. Therefore,
(2, *)-connected graph M is not partitioned into * edge-disjoint 2-connected
graphs. For odd integer n and even integer *, we only consider n*-regular
n*-connected graphs with odd order (for example, the complete graph with
n*+1 vertices). Since there exist no graphs having odd number of vertices of
odd degree, these graphs are not partitioned into * edge-disjoint n-connected
graphs.
An (n, *)-connected graph G is said to be minimally (n, *)-connected (or
simply, (n, *)-minimal) if for any edge e # E(G), G&e is not (n, *)-connected.
For SV(G) and LE(G), a pair (S, L) is said to be a minimum cut of
an (n, *)-connected graph G if * |S|+|L|=n* and G&S&L is disconnected.
Notice that if G is (n, *)-minimal, then for any edge e=xy # E(G), there exists
a minimum cut (S, L) such that e # L. Moreover in this case, G&S&L has
just two components, one containing x and the other containing y.
2. MAIN RESULTS
We first show these basic properties of (n, *)-connected graphs.
Lemma 1. Let G be an (n, *)-connected graph, and let (S, L) be a minimum
cut of G. Suppose that A is a component of G&S&L such that |A|2.
Then setting A =G&S&A, for any x # A, e(x, A )*.
Proof. Set S$=S _ [x] and L$=L&E(x, A ). Since |A|2, G&S$&L$
is disconnected. Therefore, by the assumption that (S, L) is a minimum cut,
n** |S$|+|L$|
=*( |S|+1)+|L|&|E(x, A )|
=n*+*&E(x, A ).
Hence we get e(x, A )*. K
Lemma 2. Let G be a minimally (n, *)-connected graph. Then for any
distinct x, y # E(G), e(x, y)*.
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Proof. Assume that e(x, y)*+1 for some distinct vertices x and y in
G. Let e # E(x, y), and let (S, L) be a minimum cut of G such that e # L.
Clearly, E(x, y)L. Let A and A be two components of G&S&L such
that x # A and y # A . Since |L|e(x, y)*+1, |S|n&2. Hence, we
may, without loss of generality, assume that A has at least two vertices.
Thus e(x, A )e(x, y)*+1, which contradicts Lemma 1. K
Lemma 3. Let G be a minimally (n, *)-connected graph, and let (S, L) be
a minimum cut of G. Suppose that A is a component of G&S&L such that
|A|=1, say |A|=[x]. Then degG(x)=n*.
Proof. Since G is (n, *)-connected, degG(x)n*. By Lemma 2, e(S, x)
* |S|. Therefore,
degG(x)=e(S, x)+|L|
* |S|+|L|=n*.
This implies that degG(x)=n*. K
In what follows, we make use of the following definitions: for a minimally
(n, *)-connected graph G,
U=[x # V(G) : degG(x)=n*] and
W=V(G)&U=[x # V(G) : degG(x)>n*].
Theorem 4. If G is a minimally (n, *)-connected graph, then for any
subset W$ of W, $(G[W$])*.
Proof. We shall assume the theorem false, and derive a contradiction.
So let W$ be a subset of W such that $(G[W$])*+1. Letting e=xy #
E(G[W$]), consider a minimum cut (S, L) of G such that e # L. Let A and
A be two components of G&S&L such that x # A and y # A . We choose
x, y and (S, L) so that
(i) |A| is minimum, and
(ii) |S| is minimum subject to (i).
Note that |A|2. For otherwise, by Lemma 3, degG(x)=n*, which
contradicts the assumption that x # W. Therefore, since degG[W$](x)
*+1, it follows from Lemma 1 that there exists a vertex z in (A _ S) & W$
such that E(x, z){<, say f # E(x, z). Let (T, M) be a minimum cut of G
such that f # M. Let B and B be two components of G&T&M such that
z # B and x # B . Set
X=(A & T ) _ (S & T ) _ (B & S)
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and
Y=(B & S) _ (S & T ) _ (A & T ).
Since G is (n, *)-connected, and since x # A & B , * |Y|+e(A & B , A _ B)
n*. If * |Y|+e(A & B , A _ B)=n*, then by the minimality of |A|, (A & T )
_ (A & B)=< must hold. Therefore, z # B & S and so |S|>|Y|, which
contradicts the minimality of |S|. So we get
* |Y|+e(A & B , A _ B)n*+1. (1)
On the other hand, since (S, L) and (T, M) are minimum cuts of G,
* |S|+e(A, A )=n* (2)
* |T |+e(B, B )=n*. (3)
Trivially,
|S|+|T |=|X|+|Y| (4)
and
e(A, A )+e(B, B )e(A & B, A _ B )+e(A & B , A _ B). (5)
We now claim that A & B=<. For suppose that A _ B{<. Since G is
(n, *)-connected,
* |X|+e(A & B, A _ B )n*. (6)
Taking into account (4) and (5), by using (1), (6), (2) and (3), we have
2n*+1*( |X|+ |Y| )+e(A & B, A _ B )+e(A & B , A _ B)
*( |S|+|T | )+e(A, A )+e(B, B )=2n*.
This is a contradiction, implying that A & B=<, as claimed. Since e(A, A )
e(A & B , A ), it follows from (1) and (2) that
* |Y|+e(A & B , A _ B)>n** |S|+e(A & B , A ).
Thus,
* |A & T |+e(A & B , B)>* |B & S|. (7)
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Since x # B , by Lemma 3, we have |B |2. So by Lemma 1,
*( |A & T |+ |A & B | )>* |B & S|. (8)
Thus, since A & B=<, |A|>|B|, which contradicts the minimality of |A|.
This completes the proof of Theorem 4. K
Note that Theorem 4 is an extension of a theorem of Mader [7] which
states that the subgraph of a minimally n-connected graph G induced by
the vertices of degree more than n is a forest. Theorem 4 was also proved
for n=1 by W. Mader in [6].
Corollary 5. Let G be a minimally (n, *)-connected graph. Then |U|n.
Proof. If |U|n, then W{<, because |V(G)|n+1 by the definition.
By Theorem 4, however, there exists a vertex x in W such that degG[W](x)*.
Hence, e(x, U)(n&1) *+1. By Lemma 2, we get |U|n. K
Note that even |U|n+1 was proved by W. Mader in [11].
Corollary 6. Let G be a minimally (n, *)-connected graph. Then
|U|
(n*&2*+1) |G|+2*
(2n*&2*+1)
.
Proof. Set u=|U| and p=|G|. If u= p, then the statement is trivial
because pn+12 by Definition 2. Hence we assume that u<p, so that
n*ue(U, W)(n*+1) |W|&2e(G[W]).
Since $(G[W$])* for any subset W$W, we get e(G[W])*( |W|&1)
=*( p&u&1). Thus,
n*u(n*+1)( p&u)&2*( p&u&1);
i.e.,
(2n*&2*+1) u(n*&2*+1) p+2*.
Thus, the corollary follows. K
Lemma 7. Let G be a minimally (n, *)-connected graph, and let (S, L) be
a minimum cut of G. Suppose that A is a component of G&S&L. Then
A & U{<.
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Proof. We shall assume the lemma false, and derive a contradiction. So
let (S, L) be a minimum cut of G and let A be a component of G&S&L
such that A & U=<, i.e., AW. We may assume that (S, L) and A are
chosen so that A is minimal. Set A =G&S&A. By Theorem 4, there exists
a vertex x in A such that degG[A](x)*. Since AW, it follows from
Lemma 3 that |A|2. Consequently, there exists y # A such that E(x, y){<.
Let e # E(x, y), and let (T, M) be a minimum cut of G such that e # M. We
write B and B for two components of G&T&M such that x # B and y # B.
Claim 1. A T, i.e., A & B =< and A & B=<.
Proof of Claim 1. We see that (x # ) A & B {< and ( y # ) A & B{<.
The result follows on applying the same argument as that in Theorem 4 to
the minimum cuts (S, L) and (T, M).
Claim 2. e(x, A _ S)(n&1) *+1.
Proof of Claim 2. This result easily follows from the fact that degG[A](x)
* and degG(x)n*+1.
By the minimality of |A| and the fact that (T, M) is a minimum cut
of G,
*( |B & S|+|S & T |+|T & A| )+e(A _ B , A & B)
>n*=* |T |+e(B, B ).
Therefore, since A T,
* |B & S|+e(A , A & B)* |A |+e(S & B, B )
* |A |+e(S & B, A & B );
i.e.,
* |B & S|+e(A , A & B)+e(A , A & B )
>* |A |+e(S & B, A & B )+e(A , A & B ). (1)
On the other hand,
e(A , A)e(A , A & B)+e(A , A & B ). (2)
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By Lemma 2 and Claim 2,
e(S & B, A & B )+e(A , A & B )e((S & B) _ A , x)
=e(x, A _ S)&e(x, S&B)
(n&1) *+1&* |S&B|. (3)
Hence by (1) with (2) and (3), we have
n*=* |S|+e(A , A)>* |A |+(n&1) *+1.
Thus,
*>* |A |.
This contradicts the fact that |A |>0 and that (S, L) is a (minimum) cut
of G, completing the proof of Lemma 7. K
Theorem 8. Let G be a minimally (n, *)-connected graph.
(a) If |G|3n&1, then e(G)n*( |G|&n).
(b) If 3n&1|G|n+1, then e(G)*( |G|+n)28.
Proof. Our proof of statement (b) is almost identical with that of
statement (a). So here, we shall only give our proof of statement (a). Set
p=|G| and w=|W|. We distinguish two cases.
Case 1. W is stable (i.e., E(G[W])=<), or W=<. If wn, then
e(G)n* |U|=n*( p&w)n*( p&n).
So we assume that wn&1. Then by Lemma 2, for each v # U,
e(v, U)=n*&e(v, W)
n*&* |W|=*(n&w).
Hence,
e(G)n* |U|&e(G[U])
n*( p&w)&
1
2
(n&w) *( p&w)
=
*
2
(&w2+( p&n) w+np). (1)
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Since p&n2 n&
1
2>n&1, taking w=n&1 in (1) gives
e(G)
*
2
(2n&1)( p&n+1)
=n*( p&n)+
*
2
(&p+3n&1)
n*( p&n).
Case 2. E(G[W]){<. By Theorem 4, we get e(G[W])*w&*. If
wn+1, then
e(G)e(G[W])+n* |U|
*w&*+n*( p&w)
=n*p&*&*(n&1) w
n*p&*&*(n&1)(n+1)
=n*( p&n).
So we assume that wn. Define +=max[eG(x, y) | x, y # W, x{ y].
Clearly, 1+*. By Theorem 4, we get e(G[W])*w&2*++. Let x and
y be two disjoint vertices in W such that e(x, y)=+. Let e # E(x, y) and
let (S, L) be a minimum cut of G such that e # L. Let A and A be two
components of G&S&A such that x # A and y # A . Define
Ux =U & A, Uy =U & A ;
Wx=W & A, Wy=W & A .
Since x # Wx and y # Wy , we have
Wx {< and Wy {<. (1)
By Lemma 7, we have
Ux {< and Uy {<. (2)
Since (S, L) is a minimum cut, there exists no edge between Ux and Wy
and between Uy and Wx , except for the edge of L&E(x, y). Hence, by (1)
and (2), we get
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e(U, W)* |U| |W|&* |Ux | |Wy |&* |Uy | |Wx |+|L|&+
* |U| |W|&*( |Ux |+|Wy |&1)&*( |Uy |+|Wx |&1)+|L|&+
* |U| |W|&*( |G|& |S|&2)+|L|&+
=*( p&w) w&*( p&2)+n*&+. (3)
Therefore,
e(G)=e(G[W])+
1
2
(n* |U|+e(U, W))
*w&2*+++
1
2
(n*( p&w)+*( p&w) w&*( p&n&2)&+)
=
*
2
(&w2+( p&n+2) w+np&( p&n+2))+
+
2
. (4)
Since p&n+22 n+
1
2>n and wn, taking w=n gives
e(G)n*( p&n)&
*
2
( p&(3n&1))&\*2&
+
2+
n*( p&n), (5)
because p3n&1 and *+. This completes the proof of Theorem 8. K
Theorem 9. Let G be a minimally (n, *)-connected graph such that
|G|= p3n, n2. If e(G)=n*( p&n), then G is isomorphic to the graph
K *n, p&n which is obtained from the complete bipartite graph Kn, p&n by
replacing each edge with * multiple edges.
Proof. We have to examine the cases where equalities hold in the proof
of Theorem 8. Since &p+3n&1&1, if equality holds in Case 1, then
w=n and G[U] is stable. So the result follows immediately.
Now we consider the case where equality holds in Case 2 in the proof of
Theorem 8. Since p&(3n&1)1, if wn then equality does not hold. (See
(5) in the proof of Theorem 8.) Suppose wn+1. Then equality holds if
|W|=n+1, E(G[U])=< and e(G[W])=*w&*=n*. Moreover, let + be
as in the proof of Theorem 8. By the same argument as that in the case
where wn (in Case 2), we also get the same statements as (1), (2), (3),
and (4) in Theorem 8. Taking w=n+1 in (4) gives
e(G)n*( p&n)&\*2&
+
2+ .
Since e(G)=n*( p&n), we get *=+.
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Since |A |2 and |A|2 and since e(x, y)=*(=+), it follows from
Lemma 1 that
e(Uy , x)=e(Ux , y)=0. (i)
We have actually shown the following statement.
(*) If e(v, x)=* for any vertex x # W and for any vertex v # W&[x],
then there exists a vertex u # U such that e(u, v)=0.
Now since |W|=n+1 and E(G[U])=<, it follows from (i) that
for any vertex u # Ux and for any vertex v # W&[ y],
e(u, v)=*,
and
for any vertex u # Uy and for any vertex v # W&[x],
e(u, v)=*. (ii)
In particular, we have that
for any vertex u # Ux _ Uy and for any vertex v # W&[x, y],
e(u, v)=*. (iii)
Hence, considering the number of edges between Ux and Wy , and between
Uy and Wx , we have
|L|* |Ux | ( |Wy |&1)+* |Uy | ( |Wx |&1)+*
*( |Ux |+|Uy |+|Wx |+|Wy |&2)&*( |Ux |+|Uy | )+*
=*( |G|& |S|&2)&*( |Ux |+|Uy | )+*. (iv)
By (iv),
n*=|L|+* |S|*( |G|&|Ux |&|Uy |&1)
=*( |S _ W|&1).
Thus,
n|S _ W|&1|W|&1=n.
This means that all the equalities in the above inequalities must hold.
Hence, we see that S _ W=W. This implies that
SW, i.e., U & S=<. (v)
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Since |U|= p&w3n&(n+1)=2n&1, by (vi), we may assume that |Uy |n.
Therefore, it follows from (ii) that for any distinct vertices w1 and w2 in
W&[x], there exist * edge-disjoint (w1 , w2)-n-fans in G[E(Uy , W&[x])].
This implies that E(G[W&[x]])=< because G is (n, *)-minimal. Since
e(G[W])=n*, for any vertex v # W&[x], we get
e(v, x)=*. (vi)
Since |W|=n+13, there exists a vertex z in W&[x, y]. Then by (vi),
we get e(z, x)=*. However, since S & U=<, it follows from (iii) that for
any vertex u # U=Ux _ Uy , e(u, z)=*. This contradicts the statement (V),
completing the proof of Theorem 9. K
Remark 10. Theorem 9 does not hold for p=3n&1 if *2. For let Cn
be a simple cycle of order n, where n is even. Let C +n be the graph obtained
from Cn by replacing each edge of Cn with + multiple edges. Moreover, let
F +n be the graph obtained from C
+
n by adding a 1-factor of the complement
of Cn . Set s=w *2x. Using C s2n , Fs2n and a vertex set D with |D|=n&1 such
that V(C s2n) & D=V(F
s
2n) & D=<, we construct a new graph H as follows.
If * is even, H is the graph obtained from C s2n _ D by joining each vertex
of D to each vertex of C s2n by * multiple edges. If * is odd, H is the graph
obtained from Fs2n _ D by joining each vertex of D to each vertex of C
s
2n
by * multiple edges. Set p=|V(H)|=3n&1. Then, e(H)=n*( p&n) and H
is a minimally (n, *)-connected graph. This implies that Theorem 9 does
not hold for p=3n&1.
Let T be a tree. Then we obtain the graph from T by replacing each edge
of T with * multiple edges. The resulting graph is called a *-tree. Note that
a *-tree is a minimally *-edge-connected graph. Let T( p, *) be the set of all
*-trees with p vertices. As an immediate consequence of Theorem 4, we
prove the following undirected version of a theorem of Dalmazzo [3],
which is the case n=1 in the statement of Theorem 9.
Theorem 11. Let G be a minimally *-edge-connected graph (i.e., a minimally
(1, *)-connected graph) with p vertices. If e(G)=*( p&1), then G # T( p, *).
Proof. Put V(G)=[v1 , ..., vp]. Since n=1, it follows from Theorem 4
that for any subset S of V(G), $(G[S])*. We may therefore assume that
for any i, 1ip&1,
e(vi , [vi+1 , ..., vp])*. (V)
This implies that e(G)*( p&1). However, since e(G)=*( p&1), equalities
in (V) must hold for all i, 1ip&1. In particular, we know that e(vp&1 , vp)
=*. Since G is a minimally *-connected graph, for any two distinct vertices
x and y in G, if e(x, y)=*, then E(x, y) is a minimum cut of G. Hence we
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see that e(vp&2 , vp)=* or e(vp&2 , vp&1)=*. By repeating this process, we
conclude that G is a *-tree with p vertices. This completes the proof of the
theorem. K
3. CONCLUDING REMARKS
Our (n, *)-connectivity is analogously defined for directed graphs and
directed counterparts of Mader’s result [10] would be obtained.
By Theorem 9, if a minimally (n, *)-connected graph G is, say, simple,
then strict inequalities hold in Theorem 8. So the following problems may
be interesting: Let G be a minimally (n, *)-connected graph. If the maxi-
mum multiplicity of G is restricted to less than *, what will happen in our
results?
Although some ideas and techniques are required to solve the problem
to determine the maximum number of edges in a minimally (n, *)-connected
graph, the general method in this paper is not considerably different from the
original one. It seems that one of the essential difficulties in problems of (n, *)-
connected graphs exists in problems such as the following conjecture in [4].
It appears that we need somewhat new ideas to solve the conjecture.
Conjecture 12. Let G be an (n, *)-connected graph and let S be a given
subset of V(G) such that |S|=n. Then G has * edge-disjoint cycles C1 , ...,
C* such that SV(Ci) for all i, 1i*.
Moreover, the notion of (n, *)-connectivity is closely related to the
nature of the so-called BeinekeHarary conjecture. A pair (t, s) of non-
negative integers is said to be a connectivity pair for distinct vertices x and
y of G if it satisfies the following conditions:
(1) For any subset TV(G)&[x, y] and any subset SE(G) with
|T |t, |S|s and |T |+|S|<t+s, G&(T _ S) still contains an x& y
path.
(2) There exist a subset T $V(G)&[x, y] and a subset S$E(G)
with |T $|=t and |S$|=s such that G&(T $ _ S$) contains no x& y path.
The following ‘‘theorem’’ was given in [1].
Theorem C. If (t, s) is a connectivity pair for distinct vertices x and y
of G, then G contains t+s edge-disjoint x& y paths t of which are openly
disjoint.
Unfortunately, the proof given in [1] seems to be erroneous (see [9]).
Thus, at present, ‘‘Theorem C’’ is one of the most interesting open
problems in this field. Recently, using Theorem A, we proved the following
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theorem [5], which implies that ‘‘Theorem C’’ is true under the some
restrictions.
Theorem D. Let q, r, s and t be integers with t0 and s1 such that
t+s=(t+1) q+r, 1rt+1, and let x and y be distinct vertices of a
graph G. If q+r>t and if (t, s) is a connectivity pair for x and y, then G
contains t+s edge-disjoint x& y paths t+1 of which are openly disjoint.
In view of Theorem D, G may contain more than t openly disjoint paths
under the same assumption in ‘‘Theorem C’’ and the following conjecture
[5] may hold.
Conjecture 13. Let s and t be integers with t0 and s1 and let x and
y be distinct vertices of a graph G. If (t, s) is a connectivity pair for x and
y, then G contains t+s edge-disjoint x& y paths t+1 of which or openly
disjoint.
ACKNOWLEDGMENT
We thank Professor Y. Egawa and H. Enomoto for their valuable suggestions.
REFERENCES
1. L. W. Beineke and F. Harary, The connectivity function of a graph, Mathematika 14
(1967), 197202.
2. G. Chartrand and L. Lesnialk, ‘‘Graphs and Digraphs,’’ 2nd ed., Wadsworth, Belmont,
CA, 1986.
3. M. Dalmazzo, Nombre d’arcs dans les graphs k-arc-fortement connexes minimaux, C.R.
Acad. Sci. Paris Se r. A 285 (1977), 341344.
4. Y. Egawa, A. Kaneko, and M. Matsumoto, A mixed version of Menger’s theorem,
Combinatorica 11, No. 1 (1991), 7174.
5. H. Enomoto and A. Kaneko, The condition of Beineke and Harary on edge-disjoint paths
some of which are openly disjoint, Tokyo J. Math. 17, No. 2 (1994), 355357.
6. W. Mader, Minimale n-fach kantenzusammenha ngende Graphen, Math. Ann. 191 (1971),
2128.
7. W. Mader, Ecken vom Grad n in minimalen n-fack zusammenha ngenden Graphen, Arch.
Math. 23 (1972), 219224.
8. W. Mader, U ber minimal n-fach zusammenha ngende, unendliche Graphen und ein
Extremalproblem, Arch. Math. 23 (1972), 553560.
9. W. Mader, Connectivity and edge-connectivity in finite graphs, in ‘‘Survey in Com-
binatorics’’ (B. Bolloba s, Ed.), pp. 6695, Cambridge Univ. Press, Cambridge, UK, 1979.
10. W. Mader, Minimal n-fach zusammenha ngende Digraphen, J. Combin. Theory Ser. B 38
(1985), 102117.
170 KANEKO AND OTA
11. W. Mader, On vertices of degree n in minimally n-connected graphs and digraphs, in
‘‘Combinatorics, Paul Erdo s Is Eighty (Vol. 2), Keszthely, 1993,’’ pp. 423449, Bolyai Soc.
Math. Stud., Vol. 2, Bolyai Soc. Math., 1996.
12. C. Mao-chen, Minimally k-connected graphs of low order and minimal size, Discrete
Math. 41 (1982), 229234.
13. G. H. J. Meredith, Regular n-valent n-connected non-Hamiltonian non-n-edge colorable
graphs, J. Combin. Theory Ser. B 14 (1973), 5560.
171MINIMALLY (n, *)-CONNECTED GRAPHS
